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1. counterexamples

Let us discuss some counterexamples.

1.1. Banach space. To construct a Banach space, it is important to give a �good�
norm. We show a normed space which is not a Banach space.

Example 1. Let C([0, 1]) be the space of continuous functions de�ned on [0, 1].
Now C([0, 1]) is endowed with the L1 norm, i.e.,

∥f∥1 =

∫ 1

0

|f(x)|dx,

for every f ∈ C([0, 1]). Then the normed space C([0, 1]) is not a Banach space.

Proof. We prove C([0, 1]) is not complete under ∥ · ∥1. Let

fn(x) =


1, 1

2 ≤ x ≤ 1,

n(x− 1
2 + 1

n )
1
2 − 1

n < x < 1
2 ,

0, 0 ≤ x ≤ 1
2 − 1

n ,

then

∥fn − fm∥1 =
|m− n|
2mn

,

which implies {fn}n≥1 is a Cauchy sequence. Suppose there exists f ∈ C([0, 1])
such that {fn}n≥1 converges to f , we prove that f ≡ 0 on [0, 1

2 ) and f ≡ 1 on [ 12 , 1],
therefore f /∈ C([0, 1]).

For arbitrary x0 ∈ [0, 1
2 ), if f(x0) ̸= 0, by continuity, there exists ε0 > 0 and

δ0 > 0 su�ciently small such that

|f(x)| > ε0,

for x ∈ [x0 − δ0, x0 + δ0], therefore∫ x0+δ0

x0−δ0

|f(x)|dx > 2δ0ε0.

However by the convergence of {fn}n≥1, there exists N ∈ N such that for all n > N ,∫ 1

0

|f(x)|1[x0−δ0,x0+δ0]dx ≤
∫ 1

0

|f(x)− fn(x)|1[x0−δ0,x0+δ0]dx+

∫ 1

0

|fn(x)|1[x0−δ0,x0+δ0]dx

≤
∫ 1

0

|f(x)− fn(x)|dx

≤2δ0ε0,

which is a contradiction. Therefore f ≡ 0 on [0, 1
2 ). Similarly, we can prove f ≡ 1

on [ 12 , 1]. □
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Remark 2. It is known that the space (C([0, 1]), ∥·∥∞) is a Banach space. Therefore
even for the same set of elements, if the norm is di�erent, the normed space can
have an essential di�erence.

Remark 3. Although (C([0, 1]), ∥ · ∥1) is not complete, it is possible to do the
completion of the space to get a Banach space, which is the L1(0, 1) space being
given by Lebesgue.

1.2. Compactness. Recall that in Rn, we have the following Bolzano-Weierstrass
theorem.

Theorem 4 (Bolzano-Weistrass theorem). A subset of Rn is compact if and only

if it is closed and bounded.

However, by Riesz's lemma, we know that this is not case when we deal with the
general normed space or Banach space. Here we give some examples of non-compact
subsets.

Example 5. The unit ball

B1 = {x ∈ ℓ2 : ∥x∥2 ≤ 1},
is closed and bounded, but it is not compact.

Proof. It is clear that B1 is closed and bounded. Consider {en}n≥1 ⊂ ℓ2 de�ned as

en(k) =

{
0, if k ̸= n,

1, if k = n,

therefore for arbitrary i ̸= j,

∥ei − ej∥2 =
√
2,

which implies {en}n≥1 has no Cauchy subsequences and therefore no convergent
subsequences. □

Example 6. The unit ball

B1 = {f ∈ C([0, 1]) : ∥f∥∞ ≤ 1},
is closed and bounded, but it is not compact.

Proof. It is clear that B1 is closed and bounded. Consider

fn(x) =

{
0, x ≥ 1

n ,

1− nx, x ≤ 1
n ,

then ∥fn∥∞ = 1 for all n ≥ 1. Suppose {fn}n≥1 is compact, then there exists a
convergent subsequence {fnk

}k≥1, we denote its limit as f , however

f(x) = lim
k→∞

fnk
(x) =

{
1, x = 0,

0, x ̸= 0,

therefore f /∈ C([0, 1]) which is a contradiction. □
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